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We study a neutron diffraction by A phase of MnSi using a dynamical theory of diffraction and
three wave approximation. We show that the neutron diffraction is asymmetrical with respect to an
incident plane. The asymmetry depends on a sign of an external magnetic field. This phenomenon
can be considered as the Hall effect for neutrons.
PACS numbers: 61.05.fm 75.25.-j 75.50.Cc
Currently the A phase of MnSi crystal attracts much
scientific attention due to unusual properties of this
phase. One of the interesting transport phenomena
occurring in this crystal is the topological Hall effect
(THE)1–6. This effect is the additional contribution to
the Hall conductivity caused by an exchange interaction
of conduction electrons with an inhomogeneous spin tex-
ture of MnSi Skyrmion lattice7. The exchange inter-
action leading to THE, can be described by the Pauli
Hamiltonian −J(~ˆσ · ~m)8, where J is the coupling con-
stant, ~ˆσ is the Pauli matrices, and ~m is the local mag-
netization. It is know that the interaction of a neutron
with a magnetic field is defined by the same Hamilto-
nian9, −(~ˆµn · ~B), where ~ˆµn is the neutron magnetic mo-
ment operator, and ~B is the induction of a magnetic field.
One can expect the appearance of topological Hall phe-
nomenon for neutrons scattered by the Skyrmion lattice
due to the above mentioned interactions’ similarity. In
contrast to the electron’s exchange coupling the magneto-
dipole interaction of neutrons is rather weak. Therefore,
the quasiadiabatic approximation10 used for derivation
of THE, is not valid for neutrons. However, it was re-
cently demonstrated that the Pauli term can induce the
Hall effect even in the limit opposite to the quasiadibatic
approximation11. It was shown that the neutron beam,
diffracted by a ferromagnetic crystal, has the intensity
which depends on the sign of the crystal magnetization
and contains the term ( ~M ·[~k×~k′]), where ~M is the crystal
magnetization, and vectors ~k and ~k′ are the wavevectors
of incident and diffracted neutrons. The effect was called
”skew” scattering of unpolarized neutrons. It can be ob-
served in specific scattering geometry when the Bragg
condition is satisfied for two reciprocal vectors simultane-
ously. In the present paper we demonstrate that the Hall
effect appears for neutrons diffracted by the Skyrmion
lattice of a MnSi crystal.
The effect similar to the neutron ”skew” scattering was
predicted in Ref.12, where it was shown that an inelastic
scattering cross section of polarized neutrons contains the
following contribution (~P · [~k × ~k′]), where ~P is the spin
polarization of an incident neutron beam. This effect was
observed experimentally in Ref.13. We consider the case
FIG. 1. The neutron diffraction geometry. The subscripts
i, r, d1, and d2 denote incident, reflected, and two diffracted
beams. Unpolarized neutrons fall on a MnSi surface with a
glancing angle α. The angle β determines the orientation of
the incident plane with respect to (x,z) plane. Rings with
arrows symbolize a Skyrmion lattice with lattice vectors ~a1,
and ~a2. Corresponding reciprocal vectors are ~g1, ~g2, and ~g3.
These vectors lie in the plane (y,x). Figure (a) depicts the
general view of the system. Figure (b) shows the z-direction
view. Figure (b) corresponds to the most symmetric case
when β = 0.
of elastic scattering of unpolarized neutrons in contrast
to Ref .12.
Many neutrons diffraction experiments on MnSi were
performed recently14–17. The experimental geometry,
used in Ref.2, is almost the same as we discuss in the
present paper (see Fig. 1). In this geometry two recipro-
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2cal vectors satisfy the Bragg condition. Thus the neces-
sary circumstance for the ”skew” neutron scattering was
realized in the experiments of Ref2. However, rather high
neutron beam divergence did not allow observing the Hall
effect for neutrons. Below we discuss the results of Ref.2
from the point of view of out theoretical prediction.
In the present work we consider the geometry shown
in Fig. 1 where a MnSi crystal is in the A phase. An ex-
ternal magnetic field is applied along the z axis with vor-
tices (Skyrmions) lines being co-directed with this field.
Neutrons with the wavevector ~ki fall on the crystal at
an incident angle α. The neutron incident plane makes
an angle β with the (x,z) plane. Two diffracted beams
come out from the crystal with the wavevectors ~kd1,2 .
One of the Skyrmion lattice vectors is parallel to the x
axis. Due to a sixfold axis of symmetry, there are two
other lattice vectors aligned symmetrically with respect
to the (x,z) plane in directions (1/2,±√3/2, 0). These
vectors are denoted as ~a1,2 in Fig. 1 . The MnSi magnetic
structure has a period |~a1,2| = 20.78 nm7 with recipro-
cal lattice vectors ~g1,2,3 being aligned along (0, 1, 0) and
(
√
3/2,±1/2, 0) directions (see Fig. 1(b)). These vectors
have equal magnitudes g = |~g1,2,3| = 0.349 nm−1. To sat-
isfy the Bragg condition |~ki+~g1,2| ≈ |~ki|, the perpendicu-
lar (x,y) component of the incident neutron wave vector
ξ0 =
√
(kxi )
2 + (kyi )
2 has to be approximately equal to
g/
√
3. At small enough β the Bragg condition is satisfied
for two reciprocal vectors simultaneously. For neutrons
with wavelength of 1 nm the glancing angle of incidence
is α ≈ α0 = 1.842◦.
The neutron reflection from the MnSi crystal is rather
weak. Therefore a sample surface orientation is almost
unimportant in the neutron diffraction experiment on
MnSi. The most interesting phenomena appearing in the
system are due to the waves interference in the bulk. For
simplicity we consider the case where MnSi surface is
parallel to the (y,z) plane.
We find the intensity of unpolarized neutrons diffracted
by the MnSi crystal using the dynamical theory of neu-
tron diffraction. The theory was initially formulated in
Ref.18. Outside the crystal a neutron wave function con-
sists of four plane waves describing incident, reflected,
and two diffracted beams. These beams have the follow-
ing wavevectors: ~ki =(−ξ0, 0, kz), ~kr =(ξ0, 0, kz), and
~kd1,2 =(
√
ξ20 − g2/4,±g/2, kz) correspondingly. Inside
a crystal there are twelve neutron waves with different
quasimomentums and spins. These waves are described
by the following system of equations

(1− k2
ξ20
− Vˆ0)Ψ0 − Vˆ−g1Ψr − Vˆ−g2Ψl = 0,
−Vˆg1Ψ0 + (1− (
~k+~g1)
2
ξ20
− Vˆ0)Ψr − Vˆ−g3Ψl = 0,
−Vˆg2Ψ0 − Vˆg3Ψr + (1− (
~k+~g2)
2
ξ20
− Vˆ0)Ψl = 0.
(1)
Here ~k is the neutron quasimomentum. A neutron state
with a certain quasimomentum ~k is the combination of
three plane waves with the wavevectors ~k, ~k + ~g1, and
~k + ~g2. The amplitudes of these plane waves are de-
noted by Ψ0, Ψr, and Ψl. They are two component
spinors. Spin dependent operators Vˆ0, and Vˆg1,2,3 are
the spatial Fourier harmonics of the potential acting on
neutrons inside the crystal normalized to the quantity
~2ξ20/2mn. Vˆ0 stands for a zero spatial frequency. We
consider the neutron wavelength larger than the period
of MnSi lattice, therefore the nuclear potential inside the
crystal can be considered as uniform with only a zero
frequency harmonic. Using data on the MnSi coher-
ent scattering length, we estimate the nuclear potential
Vnuc ≈ 1.478 · 10−27 J.
We now discuss the contribution of a neutron magneto-
dipole interaction in potentials Vˆ0,g1,2,3 . Consider a mag-
netic unit cell of the Skyrmion lattice formed by the
vectors ~a1 and ~a2. Due to a sixfold symmetry axis of
the lattice the spatial distribution of magnetic induc-
tion ~B(~r) (taking into account the external field) obeys
the following relations: Bz(−x, y, z) = Bz(x, y, z) =
Bz(x,−y, z), Bx(−x, y, z) = Bx(x, y, z) = −Bx(x,−y, z)
and −By(−x, y, z) = By(x, y, z) = By(x,−y, z). Us-
ing these equations and the sixfold rotational symmetry
of the Skyrmion lattice one can show that the spatial
Fourier harmonics of the magneto-dipole interaction po-
tential have the form: Vˆ md0 = µn(
~B0 · ~ˆσ) = µnBz0σˆz,
Vˆ mdg1 = µn(
~B1 ·σ) = µnBz1σˆz +µnB⊥(1/2σˆx +
√
3/2σˆy),
Vˆ mdg2 = µn(
~B2 ·~ˆσ) = µnBz1σˆz+µnB⊥(−1/2σˆx+
√
3/2σˆy),
and Vˆ mdg3 = µn(
~B3 · ~ˆσ) = µnBz1σˆz − µnB⊥σˆx. Note
that Vˆ md0,g1,g2 should be normalized to get Vˆg. The quan-
tity B⊥ has imaginary part only, since the distribution
of magnetic induction in the (x,y) plane is antisymmet-
ric. Therefore, the spatial distribution of magnetic in-
duction in the lattice of Skyrmions is characterized by
three parameters Bz0, Bz1, and B⊥. These parameters
are unknown, but can be found from an experiment. The
value of Mn magnetic moment is 0.4µB , where µB is the
Bohr magneton. Thus, the interaction energy of neutrons
and magnetic field created by MnSi can be estimated as
Em ≈ 1.889 · 10−27 J.
The system of Eqs. (1) generates 12 different neutron
states inside the crystal with the same energy. Six of
them correspond to neutrons going outward the MnSi
surface and six describe neutrons propagating to the sur-
face. We consider a semi-infinite crystal. Therefore,
only the outgoing neutrons should be taken into account.
Using boundary conditions11,18 the intensity of reflected
and diffracted neutron waves can be evaluated.
We calculate the intensity of the neutrons diffracted
to the left (wavevector ~kd1) and to the right (wavevec-
tor ~kd2) with respect to the incidence plane assuming the
incident beam is unpolarized. The detailed description
of procedure of calculations is given in the Appendix A.
Fig. 2 shows the dependence of the diffracted beam in-
tensity on the angles α and β. The dependencies are cal-
culated for the following set of parameters: µB0 = Em,
µBz = Em/2, µ|B⊥| = Em/1.5. Figures (a) and (b)
3correspond to the beams diffracted to the left (~kd1) and
to the right (~kd2), correspondingly. Bright (orange on-
line) color corresponds to high intensity. Dark (blue on-
line) color shows low intensity regions. Diagonal bright
(orange online) stripe shows the diffraction peak. The
angle α at which the diffraction intensity reaches it’s
maximum depends on the angle β. It can be under-
stood as follows. Diffraction peak position can be ap-
proximately determined by the condition |~ki + ~g| = |~ki|.
Vector ~k⊥ = (kxi , k
y
i , 0) denotes the perpendicular com-
ponent of the incident wavevector. It’s magnitude can be
found as ξ0 = |~k⊥| = |ki| sin(α). Denote tan(φ) = kyi /kxi .
For small β the angle φ ≈ β. Bragg condition has the
form g2 + 2(~k⊥ · ~g) = 0. One can find the angles αg1,2
at which the diffraction peaks appear by the expression
αg1,2 ≈ g2/(2|~ki|(gx ± gyβ)). Thus the angle α at which
diffraction peak appears, depends on the incident plane
orientation β. Diffraction peaks ~kd1 and
~kd2 ”move” in
opposite directions with changing β.
Ovals at Fig. 2(a) show the regions in which only one
reciprocal vector satisfies the Bragg condition. Neutron
scattering in this regions can be approximately treated in
the two wave approximation. Inside the crystal neutrons
are described by the following equations18
 (1−
k2
ξ20
− µn(σˆ · ~B0))Ψ0 − µn(σˆ · ~B−g)Ψg = 0,
−µn(σˆ · ~Bg)Ψ0 + (1− (~k+~g)
2
ξ20
− µn(σˆ · ~B0)))Ψg = 0.
(2)
Here ~g is the lattice reciprocal vector (can be either ~g1 or
~g2). A wave function of a neutron with the quasimomen-
tum ~k inside a crystal consists of two plane waves with
amplitudes Ψ0 and Ψg. These plane waves have wavevec-
tors ~k and ~k + ~g. ~B0 and ~Bg are the Fourier coefficients
of a magnetic induction spatial distribution inside the
crystal. They correspond to harmonics with zero and ~g
wavevectors.
These equations are invariant with respect to the fol-
lowing transformation ky → −ky, gy → −gy (~g1 → ~g2).
Due to this symmetry the intensity of neutrons diffracted
to the left and to the right from the (x,z) plane, obeys
the following relation Id1(α, β) = Id2(α,−β). Fig. 3(a)
demonstrates the quantity ∆I(α, β) = Id1(α, β) −
Id2(α,−β) as a function of the angles α and β. The
quantity ∆I(α, β) is zero for all α and β besides the cen-
tral region (α ≈ α0, β ≈ 0) of the plot.
Central region of the plot (showed by a circle) corre-
sponds to the case when two reciprocal vectors satisfy the
Bragg condition. In this case three wave approximation
(Eq. 1) should be used. The above mentioned symmetry
of the diffraction peaks intensity is broken in this region
Id1(α, β) 6= Id2(α,−β). This is a signature of the neutron
skew scattering.
Figure 4 shows the dependence of the diffracted beams
intensities Id1,2 on the glancing angle α at the most sym-
metric case β = 0. The region between the angles α1 and
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FIG. 2. Diffracted intensity as a function of the angles α
and β. α0 = 1.842 grad. (a) and (b) correspond to diffraction
directions ~kd1 and
~kd2 . Ovals show the regions where only
one reciprocal vector satisfies the Bragg condition. In these
regions two wave approximation is valid. Diffracted intensity
in these regions obey the relation Id1(α, β) = Id2(α,−β). Cir-
cles show the regions in which two reciprocal vectors satisfy
the Bragg condition and three wave approximation has to be
used. In these regions skew scattering appears leading to dif-
ference between diffraction peaks ~kd1 and
~kd2 and violation
of the relation Id1(α, β) = Id2(α,−β).
α2 corresponds to the Darwin plateau. The main feature
here is the asymmetry of diffraction, Id1 6= Id2 . Chang-
ing the ratio of magnetic potentials leads to reshaping of
fine structure of the plateau with the main feature stay-
ing the same. The asymmetry can be attributed to the
”Hall effect” for neutrons. The sign of the asymmetry
is changing by switching of the magnetic parameters B0
and Bz. This switching can be achieved by the rever-
sal of an external magnetic field from ~B to − ~B. The
asymmetry does not depend on the sign of B⊥.
Recently it was demonstrated that the ”Hall effect”
for neutrons appears due to the time reversal symmetry
breaking for spin 1/2 particles moving in a non-coplanar
magnetic structure11. In dynamical theory of neutron
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FIG. 3. (a) The quantity 2∆I(α, β)/(Id1(α0, 0) + Id2(α0, 0))
as a function of the angles α and β. (b) The dependence of
the averaged quantity 2∆I(α, β)/(Id1(α0, 0) + Id2(α0, 0)) on
the angles α and β.
diffraction the time reversal symmetry breaking occurs
when at least two reciprocal vectors satisfy the Bragg
condition. This condition follows from the following con-
siderations. When the Bragg condition is valid for one
reciprocal vector only, neutrons inside a crystal are de-
scribed by Eq. 2 We assume that the vectors ~B0 and ~Bg
are located in an (x,y)-plane. Applying time reversal op-
erator to the system Eqs. (2) the vectors ~B0 and ~Bg are
replaced by − ~B0 and − ~Bg. Since both the vectors belong
to the (x,y)-plane this switching can be compensated by
rotation of spin coordinates by the angle pi around the
z axis, Rˆpiz = iσz. The spin rotation does not affect the
unpolarized incident beam. Therefore, intensities of all
scattered waves remains unchanged after the time rever-
sal, and Eqs. (2) can be considered as obeying the time
reversal symmetry.
When two reciprocal vectors satisfy the Bragg condi-
tion, neutrons are described by the equations (1) con-
taining four vectorial magnetic Fourier harmonics. These
vectors do not belong to the same plane. We assume that
three of these vectors form a left-hand system. The time
FIG. 4. (Color online) Intensity of the waves diffracted in
directions ~kd1,2 (see Fig. 1) as a function of the glancing angle
α. The solid line corresponds to neutrons traveling to the
right from the incident plane, and the dashed line corresponds
to neutrons traveling to the left. I0 is the intensity of an
incident beam.
reversal operation turns the left-hand system into the
right one. There is no operator, which can compensate
time reversal since a handedness may not be switched by
the rotation of coordinate system. Therefore, the time re-
versal symmetry is broken leading to the Hall effect and
asymmetrical diffraction of neutrons in the MnSi crystal.
Figure 4 shows that there is no scattering asymmetry
beyond the Darwin plateau (α < α1 and α > α2). In
these regions the Bragg condition is not valid for two
reciprocal vectors and the ”Hall” effect is zero.
Magnitude of the ”Hall effect” depends on the incident
angle α. Averaging over incident angles reduces the left-
right asymmetry. The asymmetry 2(Id1 − Id2)/(Id1 +
Id2) is about 80% in the region close to angle α0. After
averaging over the angles in the region between α1 and
α2 the asymmetry decreases by 20%. Thus, an incident
beam divergence in the (x,z) plane should be comparable
with the Darwin plateau angular width α2 − α1 = 0.03o
to observe the strong neutron ”Hall effect” in experiment.
We mention that the same requirement is imposed for the
beam divergence in the (y,z) plane.
Fig. 5 demonstrates the dependencies of the intensity
of diffracted peaks averaged over angles α and β. Av-
eraging window is the same for the both angles ∆α =
∆β =0.02o. Such an angular resolution is achievable in
experiment. One can easily see the difference of diffracted
intensities in the central regions of Fig. 5(a) and Fig. 5(b).
The difference ∆I(α, β) averaged over angles α and β is
presented in Fig. 3(b). After averaging the difference
magnitude decreases to 20% (compare with Fig. 3(a)).
The effect is rather high and may be observed experi-
mentally.
We now discuss the experimental data of neutron
diffraction in the A phase of MnSi2. Experimental ge-
ometry in this work is almost the same as discussed here
(compare figure 1(B) of Ref.2 and figure S2 of a sup-
porting online material of Ref.2 with Fig. 1). The only
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FIG. 5. The dependence of the averaged diffracted intensity
on angles α and β. α0 = 1.842 grad. (a) and (b) correspond
to diffraction directions ~kd1 and
~kd2 . Averaging was done
over both angles α and β. Averaging area is 0.02o. Circles
show the regions in which two reciprocal vectors satisfy the
Bragg condition and three wave approximation has to be used.
In these regions skew scattering appear leading to difference
between diffraction peaks ~kd1 and
~kd2 and violation of the
relation Id1(α, β) = Id2(α,−β).
difference is that in the experiment a neutron beam falls
on the back surface of MnSi crystal ((x,y) plane) instead
of the (x,z) plane. However, it is known that a neutron
reflection by the MnSi surface is rather weak and can be
neglected. Let us consider the data on the second sample
studied in Ref.2. The sample Skyrmion lattice is oriented
symmetrically with respect to the laboratory coordinate
system similar to the present paper. Detailed experimen-
tal data on this sample is presented in the supporting
online material of Ref.2. According to Ref.2 the diffrac-
tion peaks 6 and 7 in the figure 2(E) correspond to the
diffracted beams ~kd1 and
~kd2 of the current study. Figure
S3(B) of the supporting online material shows that an an-
gular position of the peaks is in a good agreement with
our estimates and is approximately 2 degrees. However,
there is almost no difference between the peaks 6 and 7,
in contrast to our prediction. This is a consequence of
rather high beam divergence which can be estimated as
δα = 1o. The divergence δα is 50 times larger than the
angular region where the Hall effect is significant.
To conclude, we studied a neutron diffraction by the
A phase of MnSi using dynamical theory of diffraction
beyond the two wave approximation when two reciprocal
lattice vectors satisfy the Bragg condition. New effect
appears beyond the two wave approximation, namely the
skew scattering of neutrons. In the symmetric case (when
the incident neutron wave vector lies in the same plane
as the Skyrmion axis) diffraction pattern is asymmetric
with respect to the incident plane. The asymmetry sign
can be changed by the reversal of an external magnetic
field. The effect can be considered as the Hall effect for
neutrons. The magnitude of the effect reaches 80% in the
small region of solid angles corresponding to the Darwin
plateau. In the case of asymmetric orientation of the
incident beam the skew scattering also leads to violating
of neutron diffraction pattern symmetry.
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Appendix A: Calculation procedure
The calculation procedure of the intensity of diffracted
beams is the same as was used in Ref. 11. Solution of
Eq. 1 gives 12 eigenwaves Ψ~k inside the MnSi crystal.
Each wave can be presented in the following way
Ψ~k = Ψ0e
i(~k·~r) + Ψrei((
~k+~g1)·~r) + Ψlei((
~k+~g2)·~r), (A1)
with Ψ0,l,r being dependent on ~k, obviously. Six of them
go outward the MnSi surface and the other six go to-
ward the surface. We take into account only the outgoing
waves. Full wave function of a neutron inside the crystal
can be written as
Ψ±cr =
6∑
j=1
C±j Ψ~kj . (A2)
The vectors ~kj are found from Eq. 1 taking into account
the energy conservation law (~kj) = |~kinc|2~2/(2mn)
(where (~kj) is the neutron energy in the crystal, ~kinc
is the incident neutron wavevector) and the momentum
conservation law, which takes the following form in the
considered system ~kj = ~kinc + ∆j~n (~n is the MnSi sur-
face inward normal).18 Values ∆j are the solutions of
the dispersion equation appearing from the system (1).
Superscript ± corresponds the spin state of the incident
neutron beam.
Outside the crystal the neutron wave function is the
combination of incident, reflected and two diffracted
waves.
6Ψ±out = Sˆ
±ei((~k
||
inc+
~k⊥inc)·~r) + Rˆ±ei((~k
||
inc−~k⊥inc)·~r)+
+ Dˆ±1 e
i((~k
||
inc+~g
||
1 −Γ1~n)·~r) + Dˆ±2 e
i((~k
||
inc+~g
||
2 −Γ2~n)·~r).
(A3)
Here superscripts ”||” and ”⊥” indicate parallel and
perpendicular (with respect to the interface) components
of the wave vectors. In contrast to the coefficients Ci the
quantities Rˆ, Dˆ1, and Dˆ2 are the spinors. Sˆ
+ = (10)T ,
Sˆ− = (01)T . The coefficient Γ1 is determined by the
energy conservation law, which can be written as |~k||inc +
~g
||
1 − Γ1~n| = |~kinc|. The similar restriction is applied for
calculation of Γ2, namely, |~k||inc + ~g||2 − Γ2~n| = |~kinc|.
Wave functions Eq. A1 and Eq. A3 obey the boundary
conditions,18

Sˆ± + Rˆ± =
∑6
j=1 C
±
j Ψ
kj
0
|~k⊥inc|(Sˆ± − Rˆ±) =
∑6
j=1 C
±
j Ψ
kj
0 |~k⊥j |
Dˆ±1 =
∑6
j=1 C
±
j Ψ
kj
r
−Γ1Dˆ±1 =
∑6
j=1 C
±
j Ψ
kj
r |~k⊥j |
Dˆ±2 =
∑6
j=1 C
±
j Ψ
kj
l
−Γ2Dˆ±2 =
∑6
j=1 C
±
j Ψ
kj
l |~k⊥j |
(A4)
These equations give the amplitudes of reflected and
diffracted waves. Reflected waves have intensity several
orders of magnitude less than the diffracted waves in the
region of Darwin plateau. Therefore we can neglect them.
To calculate the intensity of the beams diffracted in the
~kd1 and
~kd2 directions for the unpolarized incident neu-
trons we introduce the following intensities I++diff , I
+−
diff ,
I−+diff , I
−−
diff . Here superscripts denote the spin states of
incident and diffracted neutrons. The intensities of the
diffracted waves were summed over the spin states and
also normalized to the sum of the intensities of incident
beams with different spin orientations:
Idiff = (I
++
diff + I
−+
diff + I
+−
diff + I
−−
diff )/2I0. (A5)
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